Two of the approaches to the hadronic productions of the double heavy mesons B c and B * c are investigated. Comparison in various aspects on the results obtained by the approaches is made and shown in figures and a table.
i.e. the authors of refs. [8, 11] recalculated the same fragmentation functions out in an axial gauge, a different gauge from adopted in ref. [5] , and the factorization of the fragmentation functions are manipulated more manifestly. Furthermore the evolution of the fragmentation functions with changing of the fragmentation energy scale was also considered in refs. [8, 11] by solving the corresponding Altarelli-Parisi equation [13] .
Of all the proposed theoretical estimates [5−12] , besides those of pure phenomenological ones with Monte Carlo simulation such as done in ref. [10] , the adopted approaches for estimating the hadronic productions of the B c meson may be divided into two categories, although they produce results in consistency in order of magnitude (different in values from each other), and all are based on pQCD. The first category is to consider the production in a fragmentation picture i.e. the B c meson is produced due to fragmentation of a heavy flavor jet (hereb jet mainly) [8] . It is very similar to that of a light meson production from a jet, but the fragmentation energy scale is much higher (above that of nonperturbative QCD) that the fragmentation functions are calculated with pQCD. According to pQCD, the production cross section: is not, as done in the first category, to factorize the "subprocess" i + j → B c + X into two factors further: the 'jet production' i + j → k + X and the 'fragmentation' of the B c meson from the jet k → B c + X, but the subprocess is treated as a whole, and to compute it directly in the framework of pQCD too i.e. the production cross section:
Although the computations of the second category are available only up to the lowest order of pQCD so far, in principle, they may be extended to higher orders with lengthy and boring calculations. In both of the two approaches (at the lowest order approximation), the wave function at original of the (cb) bound state system will occur in the fragmentation functions and the amplitude of the subprocess i+j → B c +X respectively, whereas the wave function may be obtained from potential model for the double heavy bound state system precisely [5, 7, 8, 11] . As B * c (1 3 S 1 ) meson has a cross section for hadronic productions bigger than that of B c , and it will decay to the ground state B c with a branching ratio almost 100% in a very 'short' time (without decay vertex in experimental detector) so it contributes the B c production substantially, thus in the paper we will discuss B * c and B c together from now on.
In hadronic productions of B c (B * c ), the substantial contribution is from the subprocess of gluon-gluon fusion g + g → B c (B * c ) + b +c but not from quark-antiquark annihilation q +q → B c (B * c ) + b +c at a relatively high energetic colliders such as Tevatron and LHC etc [6] , thus we will restrict ourselves to discuss the subprocess of gluon-gluon fusion and to find out the differences attributed to the adopted approaches from now on in the paper. For convenience, we will denote the first category as Approach-I, whereas the second one as Approach-II.
From the knowledge of pQCD, Approach-I depends more on the factorization theorem, whereas Approach-II, being much more complicated than Approach-I, is of a fixed order complete calculation. If Approach-I is extended up to the level of LLA, it may achieve better results for very high energy and high P T problems. Whereas for some of the other problems with not very high energy and very high P T , the complete fixed order approach, Approach-II even at the lowest order may achieve better ones.
We are interested in examining the two categories of the approaches quantitatively for the approaches, is interesting, because it is necessary for writing an event generator which may produce reliable low P T events. To see how low P T events could be well detected by the concrete detector is interesting for the experiments on the concerned subject(s) i.e. B c (B * c ) mesons for present problem, whereas without the reliable event generator, the aim could not be reached at.
The differences between the two categories of the approaches, in fact, may be attributed how to deal with the subprocess of Approach-II. In Approach-II we deal with it as a whole i.e. a complete pQCD calculation on the process, though only the lowest order one is available so far; whereas in Approach-I it is treated to produce To understand the differences of the approaches, let us analysize the subprocess,
According to Approach-II, there are 36 Feymann diagrams responsible for it. Some of the typical ones are collected in Fig.1(a,b) . It is easy to realize that the diagrams (the amplitude) may be divided (splitted) into 5 independent subgroups (terms) according to their color structure, and each of them alone is guage invariant [6] . It is too long to write down here the total amplitude of the subprocess explicitly, however, we may write its color structure out explicitly in a short formulation, and with it we will be able to find out some correspondence and difference of the two approaches. In general, the formulation for the amplitude:
Here each of the color factors C ab αij (α = 1, 2, · · · , 6) is a product of the Gell-Mann matrices:
However, we should note here that not all these color factors are independent, because there exists a relation among them, that is
Therefore only 5 color factors are independent, and we may choose them as:
Thus the amplitude may be rewritten as:
Being independent, the coefficients of the color factor C ′ ab k ij , the sub-amplitudes M ( k = 1, 2, · · · , 5 ) may be written down directly, based on the rules of the duel amplitude method [8] . Therefore one may find out the correspondences and difference between Approach-I and Approach-II. Since the Approach-I is of a fragmentation of ab-quark jet in the B c (B * c ) production (the fragmentation of a c-jet contributes too, but it is much less important than that of ab-jet), with the decomposition eqs. (4-7) and according to the color structure to trace back to the diagrams, one may find the correspondence: the sub-amplitudes whereas for the diagrams such as Fig.1(b) , which contribute to the sub-amplitudes
, 5) substantially, there is no similar correspondence at all in the above sense to Approach-I. Therefore we expect the results achieved by the two approaches being different, so a thorough investigation of the approaches quantitatively, even though numerically, is interesting. We will devote this paper to the show different aspects of the approaches, and finally we will try to reach at some 2 During the period of revising the paper, several papers [19, 20] come out and certain disagreements on the calculations are presented, thus to clarify the situation is also necessary.
conclusions.
First of all, we calculate the total cross sections of the B c (B * c ) productions by the two approaches at various hadronic colliders i.e. for various C.M.S's energies of the colliding hadrons, but only the lowest order for the subprocess g+g → B c (B * c )+b+c, is concerned. The obtained total cross sections are put into Tab.1. We should note here that throughout the paper without special statement, the following manipulations and parameters are taken. When calculating the productions of p − p and p −p collisions, only gluon-gluon fusion mechanism is considered due to its domination over the others such as quark-antiquark etc [6] ; the CTEQ3 structure functions with [14] and α s (Q 2 ) with an energy scale Q 2 =s/4 (s is the c.m. energy squared of the subprocess) are adopted.
As for the masses, the values m c = 1.5GeV , m b = 4.9GeV and M Bc(B * c ) = 6.4GeV [2] are taken. The P T dependence of the productions at various colliders Tevatron and LHC is interesting experimentally, thus we have calculated it and plotted the results in Fig.2 . In the calculations, the low P T component contribution has been taken into account too, though for Approach-I the computation is problematic. It is because the production closing to the threshold (where P T cannot be big) needs special consideration and corrections in Approach-I, but here we merely make the 'approximation': the P T of B c (B * c ) being fixed in the direction of the produced heavy quark jet, in fact, it is not a good approximation when the 'fragmentation'
is very close to the threshold of the B c (B * c ) meson production, thus the low P T component contribution as shown in Fig.2 is not so well estimated for Approach-I.
From the figure one may see that for the B c production, the difference between the two approaches is not sizable but for the B * c production it is quite great (about a factor two even greater) and, general speaking, as P T is going high the production cross sections predicted by the two approaches are approaching to equal (for B * c , up to P T = 20GeV they are still different).
In order to have an outline about the gluon-gluon subprocess in hadronic colli-sions, in Fig.3 , we present the production cross sections at Tevatron and LHC versus the collision energys of the glouns inside the collision hadrons. As the small P T component of the productions is not able to measure, we have imposed a cut for those of small P T (≤ 5GeV ) here. From the figure, one may see the cross sections drop in a logarithm scale versuss increasing. In fact, if we had not imposed the cut for small P T , the cross sections would have a "peak" around 20GeV ( not very far from the threshold of the subprocess √s ∼ 12.8GeV ), and then would drop by Approach-I at various energies with a factor 5 or greater, but for B c production, the difference caused by the two approaches is within a factor 2, less than that for B * c production.
We should note here that besides the cut for small P T being imposed and the coupling constant α s being running, the cross sections in Fig.3 are different in meaning from that of the gluon-gluon fusion for precise √s in Tab.1, as the later is merely of gluon-gluon fusion but the former has the structure functions of the collision hadrons convoluted into.
All the resultant cross sections of the hadronic productions are achieved always by a convolution of the cross section of the relevant subprocess and a common factor, the structure functions of the incoming hadrons of the collisions. In order to highlight 3 To shorten the paper and to present the more useful results, we would not present the curves without P T cut here, although we have them.
the differences of the two approaches, we have also calculated the subprocess cross sections as if the subprocess is an independent one, i.e. the cross sections of the gluon-gluon fusion at various precise energies. The total cross sections have been put in Tab.1 already, but the transverse momentum P T and rapidity Y distributions at various C.M.S's energies are presented in Figs.4: in Fig.4(a,b) for √s = 30 GeV , Fig.4(c,d) for √s = 60 GeV respectively. In these calculations, we have taken In summary, the two approaches cause some substantial differences in total cross sections and the P T distribution etc. indeed, especially at low P T . Approach-II should be suitable at low P T , even at low P T and low Y both. also see that the P T cannot be great in the interesting processes concerned in the paper, thus in order to collect as many as possible events of the mesons B c and B * c so as to discover them and to study their properties, one could not estimate the low P T components of the productions too rughly from very beginning and should try to have a good one as one can. For this purpose, it is sure that Approach-II is good, and the logarithmical terms to the heavy quark masses need not to worry about too much, as the terms appear from high order calculations and become important at very large P T only [16] . Approach-I is better than Approach-II for estimating the productions at very large P T if the former taking into account the large logarithmical terms to the heavy quark masses by LLA but the later not (as the present case).
Whereas for the concerning hadronic productions at Tevatron, even at LHC, the former's advantages have not "matured" yet because of the same reason as pointed out above: P T cannot be very great at the concerned processes.
We think that the defferences of the obtained results by the two approaches may be understood by the fact that Approach-II involves more mechanisms than those
Approach-I does, as argued in terms of eqs. (3-7) early. Recently the authors of ref. [17] also recognized that certain higher order gluon fragmentation besides the fragmentation of a heavy quark may contribute to B c production substantially.
According to the experiences of heavy quark productions in hadronic collisions and the theoretical loop calculations, we know that a full perturbative QCD calculation up to one loop level may achieve quite high accuracy [18] , thus a higher order full perturbative QCD calculation on the hadronic production of the double heavy flavor meson B c (B * c ) under Approach-II will be very interesting surely [16] .
In the procedure of revising the paper, several calculations [19−21] on the same problems appear. The authors of ref. [20] have found that in their earlier version they had omitted a color factor 1/ √ 3 in amplitude, and when having the mistake corrected they have found a nice agreement between theirs and those of ref. [6] .
The authors of ref. [19] have investigated various calculations quite systematically, therefore we have checked the numerical results for the subprocess g + g → B c (B * c ) + b +c at √s = 20, 40GeV , by means of our program but having their parameters.
As a result, we have found that our results and theirs are consistent with each other exactly within the Monte Calor errors 4 , that in fact is a confirmation for our programs and those of ref. [19] . Only for updating, the new version of the structure functions CTEQ3 [14] and the parameters appearing in the calculations as quoted above (e.g. the energy of HLC √ S = 14GeV etc), which are slight different from those of ref. [19] even ref. [6] , have been adopted here so that the numerical results for the total cross sections and the other obsevables involving two structure functions of the two colliding hadrons are reasonably different from those of refs. [6, 19, 20 ] a little. However there are some of disagreements between our results and those of ref. [21] .
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